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Inverse Problems

Ax=b+e€

o A ¢ R™*™ _ mathematical model
e b € R™ - observed data

e X € R" unknown model parameters

e € € R™ - additive noise or random error




Linear Regression

y=b+mx+e¢
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Noise Models
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PDF and Likelihood
Probability Density Function (PDF): f(e) = f(b|x), x are fixed and b vary.
Likelihood function L(x) = L(x|b) = f(b|x), b are fixed x vary.
Common Noise Assumptions
Independent and identically distributed (i.i.d)

F(s1%) = fi(ba]%) fo(ba]x) - - - fon (brax)

White noise

uncorrelated: p(e;,€;) = _covlenc)

var(e;)var(e;)

covariance: C = diag(c?,...,02)




Frequentist Bayesian

Likelihood function is a statistic that sum- Likelihood function is information about
marizes a single sample of data from a the parameters provided by the data. The
population. There is a “true" value of x. parameters x are random.
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Maximum Likelihood Estimation (MLE)
iid. — f(e) =IIi% f(e)

Normal: ¢; ~ N(0, ;)

fle) =TIi% 217ra 2(Axbli/ol — 27!')"’11_[7-7:1 o 2itie “a(Axbli/ed
max fle) = min Z(Ax —b)?/0?
i=1

Laplace: €; ~ £(0,0)

fle) =TIy A VEIMxDle W S e~ V2I(Ax=b)i|/o
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MLE Estimates

| east squares: : Comparison of Linear Regressions
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x? Goodness of Fit
How “close" are data b to those which would be expected under the fitted model Ax,,
or Ax,?

= (Ax—b)TC(Ax—b) ~*(m)
Xow = (Axu—b)TC7H(Ax,—b) ~x*(m—n)
bes = (Axy—b)TC Y (Ax, —b) ~x*(m—n)

Null Hypothesis: € = Ax — b ~ N(0,C) (or ~ L£(0,C))

Fail to reject if x2 exceeds desired level of significance, e.g.

(AXL2 - bobs)Tcil(AxLz - bobs) ~m-—-n




Posterior uncertainty estimates
If bes ~ m — n then x,, or x,; is the MLE and

cov(xy,) = (AgAw)*lAgcov(bw)Aw (AgAw)*1

with A, = C"'/2A, b, = C~/?b.
Note: x, = (ATA,)'ATH,
while there's not closed form expression for cov(x;) so ...
cov(xyy) ~ ...

via Monte Carlo error propatation!

'Parameter Estimation and Inverse Problems, Aster et all, 2018




Confidence vs Credible Intervals

Frequentist Bayesian
95% confidence interval (and p-values):  95% credible interval:
Collect data 100 times and 95 of the con- 95% chance true parameters are in the

fidence intervals would contain the true interval.
parameters.
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Confidence Intervals and Regions

6% 0109

cov(xy,) (or cov(xy)) = C =

Confidence interval: (X1,)i £ Giza)2, i.e.

(Xerue)i € [(X12)i — 51'2’&/2, (X12)i + 5iza/2]

Confidence ellipsoid:
No correlation: ((x““*’)g_g(xL)")Q + ((xt'”e)g;(xL)j)Q < A?

J
where A represents 1 — a confidence region for x?.

A

Correlation: (Xyue — X1)T C(Xpue — X)) < A2




Rank deficiency and ill-conditioning

(AT A)~! typically not possible. Approaches that have been talked about so far
e Truncated SVD
e Stopping iterations

e Pre-conditioning

e Regularization or prior information




Tikhonov Regularization

xt, = argmin {||Ax = bl}3 + o2|[Ly (x — xo) I3}

Xp - initial estimate of x
L, - typically represents the first (p = 1) or second derivative (p = 2)
« - regularization parameter

This gives estimates

XL

=x0+ (ATA +o’L]L,)"ATDb

P




Choice of regularization parameter

Methods: L-curve, Generalized Cross Validation (GCV) and Morozov's Discrepancy
Principle, UPRE, x? method?.

e o large — argmin ||L,(x — Xo)||§
X

L,x~0,ie. XL, is smooth
e asmall -+ (ATA + aQLng)_1 DNE

problem may stay ill-conditioned

2Mead et al, 2008, 2009, 2010, 2016




Choice of L,

xy, = arg min { | Ax — b3 + o[ Ly (x — x0)| 3}

Lo(= 1) - requires good initial estimate x(, otherwise may not regularize the
problem.

L1 - requires first derivative estimate Lixq, i.e. changes in xg, which is less
information than xq.

Ly - requires Loxg, leaves more degrees of freedom than first derivative so that
data has more opportunities to inform changes in parameter estimates.




Statistical view of Regularization (Bayesian?)
Assume parameters x are random variables.

e Tikhonov a2HLp(x — xO)H% —
1 e\ T O (5
J(x) = W!erme 2 (x=%0)"Cz " (x=x0)

1/2

with C; '~ = aL,

e Total variation A||L1x|[; —
f(X) = #’Cz‘*l/ze_i Ei:1 Zj:]_ [(Li1)s5 (x1v);5 18

with C; /% = ALy




Hypothesis testing

Let
= Ax+e
= xo+f
with Null Hypothesis : —
f
el = G,
ffiT = C,

On what basis do we reject or fail to reject the Null Hypothesis?
How do we determine values which comprise the Null Hypotheses?




Discrepancy Principle as a \? test
Xa = (Axr, — b)"Cy ! (Axp, —b) ~ x*(m)

or
”AwXLp — byl =m

incorrect degrees of freedom!

x? tests for regularization parameter selection
Xre = (Axr, —b)'Cy (Axr, — b) + (x5, — %0)" C; ' (x1, — %0) ~ x*(m)

and with appropriate assumptions on A that are valid in most imaging applicaitons

n n

Xtvreg (Ax7y —b)"C; ' (Axry — b) + Z Z [(L1)ij (k)i ~ X3 (m)




Bias
Least squares estimate x,, = (AL A)"'ATb has no bias, i.e.
IEIi:XL2] — Xirue — (AgA)_lAgE[b] — Xirue
= (ATA)'ATE[A X + €] — Xy

= Xiue — Xtrue

Tikhonov estimate xy,, = (ATA,, + aQLg’Lp)_lAg(b — Aux0) = Af(b — Ayxg) is
biased, i.e.

Elxy,] = A'E(b)— ATA,E[x
= ATALE[x] — ATA,x
A-TA-IU (Xtrue - XO)




Resolution

Model

xr, = Ald. = ATA, X,

ATA, =1 (least squares) — XL, = Xu... Model resolution: R;, = ATA,.
Data

A,xy, =di, or A,Ald=dy,

A,AT =T (least squares) — dy, = d. Data resolution: Rq = AL AT




