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Consider the cost function

J (x) = 1

2
(x− xb)TB−1(x− xb) +

1

2
(Hx− y)TR−1(Hx− y),

where xb is the background state and y contains the observations, while

x = xb + η

y = Hx+ ε

with η ∼ N (0,B) and ε ∼ N (0,R). Assume that x and y are random variables, and that
xb is not a random variable.

1. Let the innovation term be denoted by h = Hxb − y.

(a) Show that J (xb) = 1
2
hTR−1h.

(b) Show that E[h] = 0

2. Recall that the minimum of the cost function occurs at x̂ = xb +K
(
y −Hxb

)
, where

K = BHT
(
HBHT +R

)−1
. Show that E[x̂] = xb.
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